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The Oseen linearization and the modified Oseen linearization are often used 
in studying fluid mechanical problems, but whether the linearized solution is 
accurate is usually difficult to assess. For the sample problem of uniform flow 
past a plate, we use a comparison theorem to show that the Oseen linearization, 
used in two ways, gives both an upper and a lower solution. Further, we make 
use of the comparison theorem and the modified Oseen linearization to construct 
a sharper upper solution valid in the boundary layer. We then go on to consider 
the case when the plate temperature increases along the plate according to a 
power law. Upper and lower solutions for the temperature equation are con- 
structed, and bounds on the temperature gradient at the plate are obtained. 
With a minor modification, similar results for the case when the logarithmic 
derivative of the plate temperature lies between two power law curves are 
obtained. 
1. INTRODUCTION 
In studying fluid flow problems at large Reynolds numbers, one is often 
concerned with a set of nonlinear parabolic equations with initial and boundary 
conditions prescribed. If the system admits a similarity solution, the parabolic 
system can be reduced to a nonlinear ordinary differential equation with boundary 
conditions given at two points. The task of seeking a solution is greatly simplified. 
In general, no such reduction is possible. Various techniques have been devised 
to obtain approximate solutions, such as linearization and weighted residuals, 
among others, [ 1,2,5]. A drawback of the solutions obtained by these approximate 
methods usually is that one does not know how good they are. Internal consistency, 
and comparison with typical problems with known numerical solution whenever 
possible, would give indications as to whether such solutions are reasonable; 
but a rigorous error analysis, in general, leads to mathematical problems that are 
just as intractable as the original ones. 
There exists in the literature a body of information on comparison theorems. 
For parabolic equations, the central comparison theorem was due to Nagumo 
and Westphal; see [12]. Various forms of the comparison theorem have been 
used by Nickel [IO] and Fife [4], among others, to study parabolic equations in 
fluid mechanics. However, these studies are mainly of a qualitative nature, and it 
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does not appear that the theorem has been used in connection with the actual 
construction of approximate solutions. We observe that if such theorems can bc 
utilized in the construction of upper and lower solutions, then the accuracy of 
approximate solutions, obtained by whatever means, can be assessed. 
In this paper, we consider the problem of uniform flow past a non-uniformly 
heated flat plate. We choose a model in which there is no viscous heating so that 
the velocity affects the temperature field, but not vice versa. Thus, it is possible 
to first consider the equations governing the velocity components and then deal 
with the heat equations separately. 
For the problem of uniform flow past a flat plate, we use the Nagumo lemma 
to show that the Oseen linearization can be employed in two different ways to 
construct upper and lower solutions for the velocity. We then examine the 
modified Oseen approximation, and show that with the aid of the Nagumo 
lemma, we can construct by an integral method an improved upper solution 
valid in the boundary layer. Thus, the comparison theorem is used in the 
constructive process, and not merely as a gauging device. Inasmuch as the 
problem occupies a central position in boundary layer theory and it can be 
reduced to an ordinary differential equation in terms of a similarity variable, its 
numerical solution is well known. The bounds constructed add little to the 
understanding of the problem itself. What is interesting, however, is that the 
construction procedure clarifies the nature of the Oseen as well as the modified 
Oseen linearization methods. 
We then go on to consider the cases where the plate temperature increases 
along the plate according to a power law, or when the logarithmic derivative 
of the plate temperature lies between two curves of the form const x---l. The first 
form of temperature dependence permits the reduction of the heat equation to 
an ordinary differential equation in terms of a similarity variable, which can be 
integrated to give an integral equation. Using our knowledge on the bounds 
on the velocity, we can obtain upper and lower solutions for the tempera- 
ture, and hence, upper and lower bounds for the temperature gradient at 
the plate. This problem was first considered by Fage and Falkner (see Curle 
[3]), who used a different similarity variable and numerically integrated the 
resulting equation after making an approximation on the convective velocity. 
When the logarithmic derivative of the plate temperature lies between the curves 
K,x-1 and K,x-1, 0 < K1 < li,; no similarity solution is possible, but upper and 
lower solutions in terms of the similarity variable can be obtained. We remark 
that the general case when the plate temperature is arbitrary was first treated 
by Lighthill, who linearized the heat equation by assuming that the convective 
velocity takes a special form. All subsequent treatments were based on various 
forms of linearization (see Curle [3]). 
For the sake of completeness, we first state the necessary definitions and the 
Nagumo lemma in the next section. We then proceed with the construction 
process. 
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2. THE NACUMO LEMMA 
In this section, we set forth the necessary definitions before quoting the 
Nagumo lemma. These statements refer specifically to the equations being 
studied in this paper. The statements in their general form, as well as the proof 
of the lemma, are to be found in [ 121. 
DEFINITION. (U, U- , G, G, aG, &,G, a,G, azG, G, , R,). By a neighborhood, 
or more precisely a S-neighborhood (6 > 0) of the point (x, 9) we mean the set 
U = U6(3i, 7) of points (x, y) for which 
(X -z)2+(y-J)2<S2. 
The lower half-neighborhood K is that subset of U for whose points we have 
x < X. Thus, according to this definition, U- does not contain the point (s,~). 
We use G to denote an open connected set of points (x, y) E E2; aG is its 
boundary and G = G + aG its closure. We assume that G lies completely 
between two lines x = const, i.e., that the projection of G on the x-axis fills out 
a bounded interval, namely, the interval J = [0, X]. Again we divide the 
boundary into three pairwise disjoint subsets &,G, a,G, a,G. All boundary 
points for which there is a lower half-neighborhood UP lying entirely outside 
of G belong to a,G; those boundary points for which a lower half-neighborhood 
lies entirely in G form azG; the remaining boundary points are combined in the 
set a,G = aG - a,,G - a,G. We further set 
G, = G + a2G, 
R, = a,G + a,G = aG - a,G. 
DEFINITION. Suppose the function f(x, y, z, p, r) is defined on a set D(f) 
of the five-dimensional (x, y, x, p, r)-space. Suppose further that f is monotonic 
. . . 
mcreasmg m r, I.e., 
f@> Y, x, P, r) < f@, Y, 22 P7 f> for r<P 
provided the arguments are in D(f); then f is said to belong to the class B, 
orf69. 
DEFINITION. The function 4(x, y) belongs to the class 2, if it is defined and 
continuous in G, and has the derivative & as well as continuous derivatives 4, 
and +,, in G, . If, moreover, for a given f E 8, (x, y, $,& , $,,) E D(f) for 
(x, Y) E G, , then 4 E -G(f>- 
To handle problems with discontinuous initial and boundary conditions, and 
to deal with conditions at infinity, we introduce the next definition. 
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DEFINITION. For two functions 4, 4 defined in G,, . we denote 
C#J < Z/J on R,- or on R, : lim sup [J,!J(x/; , yiC) - +(xk , J,~~)] 2, 0, 
I;-Pm 
and for every sequence of points (xlC , yk) E G, for which the xk form a monotone 
decreasing sequence of numbers and for which 
RI,+: (xk , y/c) - (-% Y) E R,; 
Rz: II YM llo - a (k - co). 
DEFINITION. The class B consists of all functions W(X, z) defined in (0, X] A 
(x 3 O> with the property: For every E > 0, there is a number 6 > 0 and a 
function p(x) continuous in [0, X], differentiable in (0, Xl, such that 0 < p(x) < E 
in (0, X], and 
P’ > w(x, P), p(x) 3 6 in (0, X]. 
With the above definitions, we state the following formulation of the Nagumo- 
Westphal lemma for Pv = aajax - f(x, y, v, v?, , o,,). 
LEMMA. Suppose that for f E 9 and the functions TI:‘, w E Z,(f), there exists an 
w E & such that 
Af = f (x, Y, w + ~7 w’, , ww) - f (x, Y, w, wy , ww,) < w(x, z); z>o 
and (x, y, w + z, w, . w,,) E D(f). Further suppose 
(4 v<w on Ri,+ and on Rm; 
(PI pv e pw in G,; 
then v<w in G, . 
3. UNIFORM FLOW PASR A NON-UxworuvLY HEATED PLATE 
We suppose that the problem of forced heat convection over a heated flat 
plate is governed by the system 
(1) 
au av 8% 
uax+v--“--z=o, 
aY aY 
v > 0, 
c?T tiT ” 37 
u K $- z‘ -& - -7 - = 0, a: > 0, o? a2~2 (3) 
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where u and ZI are the velocity components in the .x andy directions, respectively; 
T is the temperature; v is the kinematic viscosity; and c? is the Prandtl number. 
The domain and its boundaries are 
G, = {(x, y)l 0 < x < 1, 0 < Y < co> 
a,G = {(x, y)l x = 0, 0 < y < co} 
a,G = {(x, y)I 0 < x -< 1, y = 0} 
R, = a,,G + a,G, 
(4) 
where we have normalized the length of the plate to be one unit. The boundary 
conditions are 
u(x, 0) = v(x, 0) = 0; u(O,y) = u(x, 00) = u (5) 
T(x, 0) = T&4, T(0, y) = T(x, co) = T, < T, . (6) 
It is convenient to introduce the von Mises transformation 
and to use (x, #) instead of (x, y) as the independent variables. Equations (1) 
and (2) then combine to give 
au a au .,,-vu, "q ==o. i 1 
Similarly, Eq. (3) can be written as 
aT v a aT =. __-- u- 
ax i 1 da* a$ . 
(7) 
(8) 
If we replace y by # in (4), (5), and (6), we have the domain and its boundary 
in the (x, #) plane, as well as the boundary conditions. 
Since u and u are not dependent on T, we first consider the system (I), (2), and 
(5). 
4. THE CONSTRUCTION OF A LOWER SOLUTION FOR 
u BY OSEEN LINEARIZATION 
To construct a lower solution for u, we use Eq. (7) and introduce the variable 
h = ~912. 
536 TAM AND NG 
The system governing h(x, #) is then 
with 
h(x, 0) = 0, h(0, t@ = h(x, 00) ~mz u”/2. 
(9) 
(10) 
If we write (9) in the form 
Plh = wax -fl(x, #, h, h, > h,,) = 0, 
where fi = vuhtiti = v(2h)1/2h,J, , then fi is defined on the set 
D(f 1: 10 ~~~~,Oi~<co,O<h<~,-~<h,<oo,-ncr<hwe< a+ 
Thus, we have f E 9. To linearize (10) a la Oseen, the term Uh,, is used to 
replace A,, , and we consider the system 
h, - vuii,, = 0, (11) 
qx, 0) = 0, h(0, $q = h(x, co) = v/2. (12) 
The solution of (11) and (12) can be readily obtained. We have 
h = F erf ( II, ~ zJ2 1 
#2 
2(v Zc41’2 1 =&my 2’ &JJx i i 
and 
h44---- 4xe 
i i 
1’2 + -@/(4vck) < 0 
TWX v 
Hence, we have 
P,h = h, - vi&** = v(U - U)h$$. 
Since U - P > 0 and &ll < 0, it is clear that 
P$ < 0. 
Further, we have 
4 =fl@, A h + z, s , Sd -f&4 $4 h,& > Sti), 
= v[(2(Fi + 2))1/2 - (2Jp] Ii@* < 0 Ez w(x, z), 
so that w E 8. Hence, we can apply the Nagumo lemma to conclude that 
(13) 
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5. CONSTRUCTION OF AN UPPER SOLUTION FOR u BY 
OSEEN LINEARIZATION 
It is well known that (I), (2) and (3) d a mi a similarity solution. By introducing t 
the similarity variable 
u 
71== Y, ( 1 
l/2 
and the stream function 
# = p~up2g(d, 
such that 
we have u = Ug’(T), ‘u = (vU/(2x))1/2(Tg’ -g), and it is readily verified that 
Eq. (1) is satisfied identically and Eqs. (2) and (5) become 
- g (gg" + g") = 0 (14) 
g(0) = g’(0) = 0; g’(c0) = 1. (15) 
The equation, g”’ + g” = 0, is known as the Blasius equation and the numerical 
solution of (14) and (15) is well known (see, for example, 1171). Since (9) and (14) 
are simply two different expressions of the same equation (2), we write 
P,h = - g (gg” + g”) = 0. 
We now construct an upper solution for u to be based on (14) and the Oseen 
linearization. Assuming the existence and uniqueness of a solution to (14) and 
(15), and hence (l), (2), and (5), we can examine the g’ - 7 plane to see that 
g”(T) > 0, and so 0 < g’ < 1. If we linearize (14) a la Oseen, the term gg” is 
replaced by Tg”. Clearly, we have Tg” > gg” for 0 < 7 < 03. Hence, if we solve 
subject to 
(7&’ + g”) = 0, (16) 
g(0) = g’(0) = 0, g’(a) = 1, (17) 
and denoting 
u* zzz u- g, h* = ue2/2, 
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we can expect I’ih* ,‘- 0 in G, _ The solution of Eqs. (16) and (17) is 
where y( I /2, ~~/2) is the incomplete Gamme function 
It is readily verified that 
Since 0 < g’ < 1 implies g < 7, it follows that Ph* > 0 in G, . In applying 
the Nagumo lemma to show that h* > h, it is clear that conditions (b) and (8) 
are satisfied. To show that Af < w(x, a) for some w E 8, we note that 
Since 
4 = fdx, ~4 h* $- x, A,*, h&) - fi(x, #, h*, he*, h&l 
= v[(2(h* + ~))l’~ - (2h*)1’2] h& . 
we have Of < 0, and the Nagumo lemma can be applied to conclude that 
u -i;-&y(k,$-) inG,. (19) 
Thus, by using the standard Oseen linearization, we have constructed upper 
and lower solutions to the function U. We observe that while the inversion from 
the (x - #)-plane to the physical (x - y)-plane will present additional problems, 
the important quantity &jay j(o,O) can be obtained directly as u(&L/@) ‘(Z,O) . 
Indeed, from the upper and lower solutions, we have 
1 u II2 - (--) 
2 
u < 2 (x, 0) < (Jg2L7. 
6. THE MODIFIED OSEEN LINEARIZATION 
(20) 
While the upper and lower solutions obtained by using the Oseen linearization 
give definitive bounds on U, it has long been recognized that if the linearization 
is done by replacing u with CU instead of Lr, where 0 < C c: 1, a good 
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approximate solution may be obtained. This scheme is known as the modified 
Oseen linearization; see for example, [2]. Obviously, there is no unique way 
to determine the number C. Carrier suggests that it be determined by some 
global conservation criterion. Thus, if the linearized solution is substituted into 
the original nonlinear governing equation, and the resulting expression is 
integrated over the domain of interest and set equal to zero, a value for C can be 
found. Another common method to determine C is by collocation [I, 51. Here, 
one demands that the linearized solution satisfy the original equation at some 
particular point in the domain of interest, thus fixing the value of C. Since the 
point chosen is rather arbitrary, the number C determined also varies. However, 
C is usually not very sensitive to the collocation point. Since (U - CU) must 
change sign for any choice of C, 0 < C < I, it is clear that if we apply the 
comparison theorem to the approximation c(x, y; C) obtained from the modified 
Oseen linearization, the quantity Prc (or P,R) will also change sign. This suggests 
that ~Z(X, y; C) may be an upper solution in part of the domain, and a lower 
solution in the rest. If we have constructed upper and lower solutions, we can 
see if c lies between them. Of course, if the bounds are not very sharp, con- 
siderable uncertainty remains. 
The above observation led us to the following consideration: Can one use the 
modified Oseen linearization to construct upper and lower solutions that are 
sharper than those obtained from a standard Oseen linearization, but are valid 
only in a subdomain adjacent to the plate (the boundary layer) ? The idea of 
focusing attention in the boundary layer is the basis of integral methods in 
boundary layer theory (see [l 11) and has been used by Goodman [6] to study 
heat diffusion problems. We incorporate these ideas to construct a sharper upper 
solution, but they are not suited for the construction of lower solutions, as we see 
in the next section. 
7. AN UPPER SOLUTION FOR u BY MODIFIED OSEEN LINEARIZATION 
We linearize Eq. (9) by replacing u with CU, 0 < C < I, to obtain 
We introduce a positive number y, and a quantity 6(x) with the properties 
S(0) = 0, S(x) > 0, f or x > 0, and ask that the following conditions be satisfied: 
R(x, 0) = 0; X(x, S(x)) = (’ + 2’)” u2, $(x, S(x)) = 0. (22) 
Both y and S(x) are to be determined. Instead of finding a solution to Eq. (21), 
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we integrate it with respect to $J form $I = 0 to J,L = S(X), and use (22) to obtain 
d 
s 
S(X) ,$(x, $) d# _ (I + d2 ‘” d ‘cx) 6h 
dx, 
--. = 
2 d.y 
--vq~ (x, 0). (23) 
We seek a solution to Eq. (23) in the form of a second-degree polynomial in 4: 
h”(x, $1 = u(x) + b(x)+ + C(X) ?lJ’. 
Using (22), we have 
qx, #) = (1 + Y12 U’ 3 
2 [ S(x) 
Substitution of (24) into (23) then yields 
q x -=6vCC, ) d S(x) 
dx 
and hence, 
S(x) = (12vCUx)1~2. 
4” 
s2(x)’ 1 (24) 
(25) 
With S(X) known, &/(I + r)“, and hence zZ/( 1 f y), is then determined up to the 
linearization constant C. We determine C by collocation: c/(1 + y) is substituted 
into Eq. (9) and we ask that the equation hold at the value 1c, = &S(X). This 
leads to 
c = l/311”. 
We mention again that different collocation “points” will lead to different values 
for C, but experience suggests that a “midpoint” collocation is usually a good 
choice. 
What we have done so far is to construct an algebraic expression h’ (or G), 
which satisfies Eq. (21) on the average, and the boundary conditions (22). 
It remains to show that zi is indeed an upper solution of u in the domain e,: 
(0 < x < 1, 0 < # < S(X)}. We achieve this by adjusting the value of y. 
A direct substitution of L into Eq. (9) yields 
P h = (I + ‘)’ v”~2(3)1~2(~2 - 5) + (1 + y)(26 - t2)“2’ 1 62 J 
where [ = #IS. A straightforward computation shows that if we take y = 0.041, 
then P$ > 0 for 0 < 5 < 1. Further, since ,7&//a#2 < 0 in e, , it is readily 
seen that h satisfies all the requirements of the Nagumo lemma and so we have 
zi>u in G,, . 
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Using this new upper solution, we have 
$ (x, 0) < 0.4112 (;)“‘U, (26) 
which clearly is an improvement over (20). The value of &/ay(x, 0) calculated 
by Howarth is 0.33206( U/(~x))l’” U. If we take the mean value of the lower and 
upper bound for au/ay(x, 0) as obtained in (20) and (26), we have the value 
0.3466(U/(~x))l/~U. 
TABLE I 
Lower bound Howarth’s Upper bound Mean 
0.00664 0.06121 0.06641 0.07390 0.06755 
0.02656 0.12241 0.13277 0.14751 0.13496 
0.05974 0.18356 0.19894 0.22053 0.20204 
0.10611 0.24456 0.26471 0.29260 0.26858 
0.16557 0.30529 0.32979 0.36338 0.33433 
0.23795 0.36554 0.39378 0.43252 0.39903 
0.32298 0.42503 0.45627 0.49963 0.46233 
0.42032 0.48342 0.51676 0.56433 0.52387 
0.52952 0.54029 0.57477 0.62623 0.58326 
0.65003 0.59516 0.62977 0.68495 0.64006 
0.78120 0.64754 0.68132 0.74013 0.69384 
0.92230 0.69692 0.72899 0.79145 0.74418 
1.07252 0.74281 0.77246 0.83858 0.79069 
1.23099 0.78481 0.81152 0.88125 0.83303 
1.39682 0.82261 0.84605 0.91923 0.87092 
1.56911 0.85602 0.87609 0.95233 0.90417 
1.74696 0.88501 0.90177 0.98037 0.93269 
1.92954 0.90968 0.92333 1.00323 0.95645 
2.11605 0.93027 0.94112 1.02079 0.97553 
2.30576 0.94708 0.95552 1.03297 0.99002 
2.49806 0.96055 0.96696 1.03965 1.00010 
We observe that 1 is constructed by using a larger boundary value for zi at 
# = 6. A similar idea cannot be used to construct a lower solution since we have 
no a priori knowledge of a smaller boundary value for u’ at # = 6. 
409/59/3-9 
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We first summarize the bounds for u and &/iy(x, 0) as follows: 
# 
lcJ erf 2(VUX)“2 II ( )I 
1!2 1,f 
G u G 1.041 u [ (3’;2v~x)l,2 - 4(3)lfvux 1 
for 0 < x < 1; 0 < $J < 2(31/2~L~x)11” (27) 
0.2821 (;)“’ ay U < ?f (x, 0) < 0.4112 ix,“” U 
In Table I, we list some numerical values of the upper and lower solutions, 
compared with the numerical result of Howarth for u. 
8. REDUCTION OF THE HEAT EQUATION WHEN 
T,(x) - T, = (T,(l) - T,) xk 
We consider u and v as known, and the upper an lower solution for u as found 
in the previous sections. We introduce the change of variable 
(4 = T--T, 
T, - T, 
such that in terms of (x, #), B is governed by the system 
0 gulzO, 
T, - T, dx (29) 
l?(x, 0) = I ) qo, (cr) = (x, co) = 0. 
We first consider the case where T,(x) - T, = (T,(l) - T,) xL, R > 0, 
so that 
1 dT,& 
T, - T, dx x 
Equation (29) can then be reduced to an ordinary differential equation in terms 
of the similarity variable 5 = a#/2(~Ux)l/~). We have 
(30) 
and the boundary conditions become 
e(0) = 1, 6yco) = 0. 
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Equation (30) can be rewritten as 
; $ (u $) + 2 $ (50) - (4k + 2) 6’ = 0. 
Integrating from 5 to CO, we have 
u~+2r;g~+(4k+2)UjmB(s)ds=0. 
c 
Before proceeding, we note that since 
atI cm 1 1/Z d6’ -=- - 
ay 2 vux dr’ ( 1 
it follows from (32) that 
ae 
aY (s.0) = 
-a,- ( v; )“’ (2k + 1) j-; e(s) ds. 
(31) 
(32) 
(33) 
Thus, if we can construct upper and lower solutions for 8, the bounds for the 
temperature gradient at the plate can be calculated from (33). Equation (32) can 
be integrated from 0 to 5, to yield 
l?(t) = e-2uJf sds’u’s’ 11 - (4k + 2) U Jo’ [,” J;;;;‘““’ Jta 0(s) ds] dt/ . (34) 
9. UPPER AND LOWER SOLUTIONS OBTAINABLE FROM THE SIMILAR SOLUTION 
Using 
we can readily obtain 
e(5) < exp (-2U lo’ $) < e-c’ f G(l). (35) 
A lower bound for 0(c) can also be obtained. However, because of the difficulty 
of integrating (erf &-1/2, we use a succession of simplifications. We have 
[9, p. 3851 
erf if) = $ [‘ti e--t2 dt > (1 - e-r2/az)i/a > (1 - e-12/a2). 
544 
Further, using [8, p. 1621, 
e-z 
we have 
u>u 1 
( 
From (36), we obtain 
TAM AND NC: 
(36) 
Lrn O(s) ds < km ecS2 ds < ect2. (38) 
Also, using the inequality [S, p. 1621, 
we have 
.r 
cc 
ex2 e-@dt <(I +x2)lj2-. < 1, 
z 
Combining the results (37), (38), we have 
e(t) > exp (-2U IO’ f-$ - (4k + 2) Us,’ e~“e~2~~~~‘“*““” dt 
> exp 
[ 
- 4 [3’2(a2 + <2)1/4] - (4k + 4) (lf2(a2 + t2)l/* eQ = O(l). (39) 
It is clear that there exists a [(K, ) oi such that the right side of (39) becomes 
negative for 5 > [(Iz, a). S’ mce 0 > 0 by assumption (which also follows from 
(30)), we can take g = 0 for 5 > [(K, a). Using (39) and (35) in (33), we can 
obtain bounds for the temperature gradient at the plate. For example, for k = i 
andcu = l,wehave[z&,~~f?(&‘)dl;=&,andso 
a0 
ay /t2.0j < - a (s)“” (1.5); = -0.025 (y. (z,“‘. (40) 
On the other hand, it follows from (33) and (35) that in general, we have 
ae ar I( 
z, 
o) > -01(2k + 1) ($)‘;” 6 e-c’d< = -0.886 ($,“‘a(2kfl). (41) 
The wide range between the upper and lower bounds for M/ay / tT,O) does not 
give much useful information. To obtain better estimates, we again turn to the 
comparison theorem. 
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10. CONSTRUCTION OF UPPER AND LOWER SOLUTIONS FOR 
0 USING A COMPARISON THEOREM 
With 
Eq. (29) becomes 
1 dTuJ -” 
T, - T dx x’ 
a6 -- 
ax 
g!t!-Y""+;=(). 
a*2 a2 aga+ 
Since u is considered known, the 0 equation is linear. We first make the change 
of variables 13 = 1 - x to obtain 
with 
x(x, 0) = 0; x(O,Ijl) = x(x, co) = 1. 
If we multiply (42) by x, and let h = x2/2, we have 
= ; -f&, $4 A, A, , A,,) = 0, 
with boundary conditions 
h(x, 0) = 0, X(0,$) = h(x, co) = *. 
Now let 4(x, I#) be the solution of the system 
%- 
ax ~u~=o 
4(x, 0) = 0, 4(x, co) = w44) = 1. 
Clearly, 
+(x, ~9 = erf ( 2~v~+$2 ) = erf (5). 
(42) 
If we now let x = 44, then x satisfies the same boundary conditions as A, and 
we have 
p x _ v (u _ u) w 
3 
w/2(1 - 419 v au a+ 
2ar2 w 2a2 a*a* X 
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We recall the observation made in Section 5 that an examination of the g’ 71 
plane shows that g” > 0. Since 
implies &/a# > 0, and since 
it is clear that P3x < 0. Further, we have 
Of3 =f&c 4, x t- 2, A, I&,I - f&“, !b, LA* 7 u 
= p {(2(X + 4) 112 - (2X)1/” - 22) < 1 ((2z)“” - 22) =~ w(x, 2). x 
Thus, we have W(X, a) E 8. It then follows from the Nagumo lemma that 
x < A. In terms of 0, we have 
e < 0(x, 2)) = 1 - [erf([)]1/2. (43) 
It is worth noting that we can obtain an upper bound for a0jay ((z,O) from (43), 
and a lower bound from (33) by using 0. Indeed, since dg/d[ < 0, we have 
and hence 
ae 
ay ((, 
z, 
o) < -0.2821 (g2a. 
Using (43) in (33), we have 
(44 
ae 
ay (d >--z 
( u )“’ a(2k + 1) li e(s) ds. 
0 
The integral s: o(s) d . s is integrated numerically to give 0.3619. Hence, we have 
ae 
ay [ (,,.,o) > -0.3619 (2k + 1) ($j”“a. (45) 
Clearly, these bounds are sharper than those given by (40) and (41). 
The construction of a lower solution for 0 is much more difficult, part of the 
reason being that au/a+ is unbounded (positive) at # = 0. We return to (42) and 
confine our attention to the subdomain G,: (0 < x < 1,0 < 4 < 2(31/2~U~)1/2}. 
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In terms of the similarity variable 5, # = 2(31/2~U~)1/2 = S(X) corresponds to 
5 = ~13~1~. Let 
(46) 
where 
g(5) = b + (1 - [erf(31’4)]1’2} - -& , 
and b is a positive constant to be determined. Then we have 
x(x, 0) = b + (1 - [erf(31/4)]1/2} > 0 = x(x, 0), 
z(x, S(x)) = 1 + $ {u(x, S(x)) - U[erf(31/4)]1’2> > 1 > x(x, S(x)). 
The last two inequalities follow because U{erf($/(2(YUx)1/2)1/2 is a lower 
solution of U(X, #) and 0 > 0 implies x < 1. Hence x > x on the boundary 
of G, . Substituting (46) into (42) and using the following information from 
[ll]: 
u l/2 
rl=y Yi ( 1 f = ,,&, = z ; 
u = Uf’(rl); 5 = u (g2fyq) 
to obtain 
wx, *I auk $9 u lj2f” ___ =.z ---= - 
ax 
-L&ff~, 
a* ( 1 YX -7I f 
we have 
bl i 
(47) 
f’ - [erf(31/4)]1’2 + b - m5 . 
For given R and 01, we then determine b to ensure that xP,n > 0 in G, . It then 
follows from the Nagumo lemma that 2 is an upper solution for x and hence 
f? = 1 - 2 is a lower solution for 8. The terms involving 7, f ‘, f” have to be 
calculated by treating 7, f ‘, f fl as functions off, and hence 5. The computation 
is cumbersome in general, but for 01 = 1, considerable simplification results. 
For example, for 01 = I and k = 4, we have b = 0.256 and so 
0.2565 
8 = [erf(31’4)]i’2 - 0.256 - + + - . 3114 (48) 
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While no general expression for B has been obtained, the bounds for the 
temperature gradient at the plate are valid for arbitrary R and 01. We have 
-0.3619(2k + l)(T,,, - T,) 01,;)“’ 
< g (xv 0) < -0.2821(7’, - T,) 01 ,;j,-‘. (49) 
The result obtained can also be used with minor modification when the plate 
temperature satisfies the inequality 
I dTd4 < 3 ; 
T,(x) - T, dx x 0 < k, < k, ) 
which implies 
(T,(l) - T,) xkz < T,(x) - T, < (T,(l) - T,) xkl, O<x<l. 
The bounds on aT/i?y(x, 0) given in (49) remain valid if k is replaced by K, . 
An interesting feature of the bounds obtained here is that aT/@(x, 0) is 
proportional to a. The various approximate solutions obtained by linearization 
(see [3]) do not yield this explicit dependence of aT/ay(x, 0) on the square 
root of the Prandtl number. In particular, for K = 0 and ~1~ = 0.7, we have 
-0.3028(T, - T,) (s,“’ < g (x, 0) < -0.236O(T, - T,) i;)“‘; 
the value given by Fage and Falkner is 
g(x, 0) = -0.292(T, - T,) [g)“‘. 
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